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ABSTRACT

Considering a fractional derivative model for unsteady magetohydrodynamic (MHD)helical flows of an
Oldoyd-B fluid in concentric cylinders and circular cylinder are studied by using finite Hankel and Laplace
transforms .The solution of velocity fields and the shear stresses of unsteady magetohydrodynamic
(MHD)helical flows of an Oldoyd-B fluid in an annular pipe are obtained under series form in terms of
Mittag —leffler function,satisfy all imposed initial and boundary condition , Finally the influence of model
parameters on the velocity and shear stress are analyzed by graphical illustrations.

l. Introduction
Recently , a considerable attention has been
devoted to the problem of how to predict the
behavior of non-Newtonian fluid .The main reason
for this is probably that fluids(such a molten
plastics ,pulps ,slurries ,elmulsions, ect..) which do
not obey the assumption of Newtonian fluid that
the stress tensor is directing proportional to the
deformation tensor ,are found in various
engineering applications .An important class of
non-Newtonian fluids is in the viscoelastic
Oldroyd-B fluid has been intensively studied , and
it has been widely applied to flow problems of
small relaxation and retardation times.
Rheological constitutive equations with fractional
derivatives have been proved to be a valuable tool
to handle viscoelastic properties . The fractional
derivative models of the viscoelastic fluids are
derived from the classical equations which are
modified by replacing the time derivative of an
integer order by precise non-integer order integrals
or derivatives.
In recent years , the Oldroyd —B has been acquired
a special status amongst the many fluids
of the rate type ,as it includes as special case the
classical Newtonian fluid and Maxwell fluid.As a
result of their wide implications ,a lot of papers
regarding

these fluids have been published in the last time .
The Oldroyd —B fluid model [11], which takes
into account elastic and memory effects exhibited
by most polymeric and biological liquids, has been
used quite widely [4] .Existence ,uniqueness and
stability results for some shearing motions of such
a fluid have been obtained in[13] . the exact
solution for the flow of an Oldroyd —B fluid was

established by Waters and Kings [14], Rajagopal
and Bhatnager [12],Fetecau [3], and Fetecau [2],
other analytical results were given by Georgious
[8] for small one- dimensional perturbations and
for the limiting case of zero Reynold number
unsteady( unidirectional and rotating )transient
flows of an Oldroyd -B fluid in an annular
areobtained by Tong[7] .thegeneral case of helical
flow of Oldroyd —B fluid due to combine action of
rotating cylinders(with constant angular velocities )
and a constant axial pressure gradient has consider
byWood [16].The velocity fields and the associated
tangential stresses corresponding to helical flows of
Oldroyd —B fluids using forms of series in term of
Bessel functions are given by Fetecau et al [1].
Recently , the velocity field ,shear stress and vortex
sheet of a generalized second —order fluid with
fractional , fractional derivative using to the
constitutive relationship models of Maxwell
viscoelastic fluid and second order ,and some
unsteady flows of a viscoelastic fluid and of second
order fluids between two parallel platesare
examined by Mingyo and wenchang
[17].Unidirectionalflows of a viscoelastics fluid
with the fractional Maxwell model helical flows of
a generalized Oldroyd-B fluid with fractional
calculus between two infinite coaxial circular
cylinders are investigated by Dengke [6].

In this paper ,we study the effect of MHD on the
helical flows of a generalized Oldroyd-B fluid with
fractional calculus between two infinite coaxial
circular cylinders. The velocity fields and the
resulting shear stresses are determined by means of
Laplace and finite Hankel transform and are
presented under integral and series forms in the
Mittag —leffler function.
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I1. Basic governing equations of Helcial flow
between concentric cylindersl

We consider here an unsteady helical flow
between two infinite coaxial cylinders located
at r = Ry and r = R, (R; < R;) in the cylindrical
coordinates (r, 0, z) , the helcial velocity is given
by
V=rv(rt)e, +w(r,te, €))
is called helical , because its streamlines are helical
ande, and e, are the unit vectors in the 8 and
z — directions , respectively . Since the velocity
field is independent of 8 and z and the constraint
of incompressibility is automatically satisfied .
The constitutive equation of generalized Oldroyd-
B (G Oldroyd-B) fluid has the form [1]
s+a'f5as=u<1+aﬁ 6B>A )

5te 25th )71

Where § is the extra stress tensor , u is the
dynamic viscosity, A;and A, are material time
constants referred to, the characteristic relaxation
and characteristic retardation times , respectively .
it is assumed that 2; > 1, >0 .A; = L + LT is the
first Rivlin —Erickscn tensor with L the velocity
gradient , a and Bare fractional calculus parameters
such that 0<a<f <1 and the fractional

operator ‘;—f on any tensor S is defined by
%=D35+V.VS—LS—SLT 3)
The operator D based on Caputo's fractional
differential of order « is defined as
t

« _ 1 f™@
DEY®I =0 | tope
n—-1<as<n ’ (4)
where T'(.)denotes the Gamma function. This
model can be reduced to the ordinary Maxwell
fluid model whena=1 ,to a generalized
theMaxwell fluid model when =1 and to an
ordinary Oldroyd-B model f =a=1.

v(r,0) =w(,0) =0 and S(,0) =0 %)
Here we assume that the generalized Oldroyd-B
fluid is incompressible then

V.V =0 (6)
Substituting Eq.(1) into Eg.(2) and Eg.(3) and
taking into account (5), we find that S,. =0 ,
T(r,t) = S,9 (1, t) is the shear stress and

drt,

av
1+ 2D, = (1 + 40f) (r5) @)
9
(1 +2¢D9)S,, = u(1 +A”D”)(—W) @)
«na a av ow
(1 +21Dr)59z :21 [( ar )Srz+ ar S ]
) 2l;GW( 6V) 9
U A P rar (©)]
«na v
(1 +2{Df)Sgg = 221 (ra) S0
2 z"( aV)2 10
uay (o (10)
a a aa l; aW
(U + A0S, = 225275, — 2u ] (E) (1)

I11. Momentum and continuity equation
We will write the formula of the momentum

equation which governing the
magnetohydrodynamic as fallows :
po=""P+V.5+]xB (12)

Wherep is the density of the fluid , J is the current
density and B = [0, B,, 0]is the total magnetic field

In the absence of body forces and a pressure
gradient, the equation of motion reduce to the
relevant equations

aw J 1 5
E= (aﬁ';)srz —aﬁow (13)
av J 1 5
pra = (a + ;) S, —af§rv (14)
dp S
= (15)

Where ¢ is the electric conductivity .
Eliminating S,, and S,¢ among Eqgs(7),(8),(13)
and(14) ,we attain to the governing equations are

ow  (1+45Df) (a*w 10w
ot ~Ha+ 2o (W ror
v _ (A+MDf)( 9*v 1 av s
P = (1+,1“D“)< oz r E>_Gﬁ°rv an
Multiply above two equations by (1 + AfD&) ,we
get

) —aBiw (16)

ow ’w  1ow
a a = B B S ———
P(1+A1D:)_at “(1+AZDK)<0r2+r0r>
—oB¢(1+ A$DH)w (18)
av 9%v 1 ov
apay__ — B nB I,
pr(1+ 2A¢Df ot u(1+AD)< Tt T 61:)
—aBér(1+2¢DF) (19)

Divide Eq(18) by p and divide Eq(19) by pr ,we
get

ow 2w 10
1 +a00) 5. —v(1+ABDB)< W+——W>

ror
aps e
0°v 1lov
anay 2V _ B 1B
A+ Dt) v(1+AD)<ar2 r&t)
—ﬁ(1+A”D;")V (21)

Wherev = % is the klnematlc viscosity of the fluid.
The boundary conditions are expressed by

w(R,t) =U;, w(R,t)=U,, t>0 (22)
And

V(R,t) =0y, V(R,t)=0,, t>0 (23)
The initial conditions are expressed by
w(r,0)=v(r,0) =0 24)
d,w(r,0) =0,v(r,0) =0 (25)

3.1.Calculation of the velocity field

Making the change of unknown function
u(r,t)

v(r,t) =—— (26)
substitute the value of velocity v(r,t) in Eq. (21)
with initial and boundary conditions ,we get

_(1 AﬁDE)<au 16u_i>

10
apay_
(1+/11Dt)r rot r?

—p—r(1+/1‘th”)u (27)
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Multiply above equation by r ,we get
(1+/1“Da)__v(1+/1ﬁDﬁ)<0 u 16u_l>

rot r?
—%(1 +24DO)u (28)
And
u(Ry, t) =Ry, u(Ryt) =Ry0,, t>0 (29)
u(r,0) = d.u(r,0) =0 (30)

To obtain the exact analytical solution of the above
problems Eq.(20) and Eq.(28) , and using initial
conditions(24),(25) and (30) ,we first apply
Laplace transform of fractional derivatives , with
respect to t ,we get

’w 10w
ANy — B i) _
s(1+ 4859w =v(1+ s )<6r2 +r6r>
0—%(1 + A s9)w 31)
U U
W(Ry,Ss) =—1 W(R,, s) =?2 (32)
02 u 10u u
aoa — B i -
s(1+A¢s¥)u = u(1+ls )< +o5 r2>
_aps o g
R0 R0
ARy, 5) ==, WRys) =~ (34
The solutions in Laplace space for above problems
are given
w(r,s)

_ U11/10,0(T: Rz,x(s)) - Uzll’o,o(T»Rpx(S))

35
S¢0,0(R1,R2,x(s)) (35)
u(r,s)
_ R1-Q11/11,1(T: Rz‘x(s)) - Rzﬂzlpl,l(T» R1:X(S)) (36)
51/}1,1(R1:R2:x(5))
v(r,s)
_ R1-Q11P1,1(r: Rz.x(S)) — Ryy 4 (7”: Rl'x(s))
= 37
TS‘/’l,l(Rl:Rz,x(S))
1 /1 a 1 /1“ a
Where x(s) = (s )+ ( HED ,and

v(1+/1‘6s5)

Ymn(@,b,Y) = Ky (@)1, (by) + (D)™ "1, (ay)K, (by)
K, and [, are the Bessel functions of the first and
second kind , respectively.

The velocity field of helical flow between
concentric cylinder is obtained by applying the
Stehfest's method [9,10] of the numerical inversion
of Laplace transform to Egs,(35)and(36).
We use the finite Hankel transform with respect to
r [5],defined as follows

Ry

w= f rw(r, )P, (si,r)dr (38)

Ry
Ry

u= f ru(r, s)P,(sy,r)dr (39)
Ry
And the inverse Hankel transform are

W(T‘, S) — n;i Slznjg (Sle)lT/(T‘, S)l/h (51nr)

40
— JE(s1nR1) — J§ (51 R2) (40)

O SBuJR (52 RO, ) (52aT)

urs) = 72 J2(s20R1) — JE (520 R2) (1)

Where s, ar:d sy, are the positive roots of
Y, (s1,R1) = 0and ¥, (s,, R;) = 0 ,respectively.

Y1 (s1n7) = Yo (512 R2)Jo(517) — Jo(S12 R Yo (517)

Y2 (s2n7) = Y1(520R2)J1 (520 7) — J1(S2n R2)Y1 (5207

Y; and J; are the Bessel functions of the first and
second kinds of order zero and one (i=0,1) ,
respectively.

Now applying finite Hankel transform to Egs.(40)
and (41) ,we get

s(1+A%s “)+%(1 +285%) + sk u(1+ A sP)|w

_ %u(l " Agsﬁ) UzJo(s1nR1) — U Jo(512.R2) (42)

s Jo(s1nR1)

=l

_ 2v(1 + Agsﬁ)[uzlo(slan) = Uy Jo(s1nR2)]
s jo(slnfl)

X

(4
[s(l + As9) + Upﬁ(l +2¢s9) +s2, v(1+ Agsﬁ)]

And
[s(l + 2459 + %(1 +2§s%) +s2,v(1 +l§sﬂ) a
Ry )1 (52nR1) — R1 1 (S2mR2)

2
=Zu(1+AsP
T ( 2 ) s J1(s2nRy)

(44)

]|

_ 20(1+ J'12356)[1{'2!22]1 (S20R1) — R104J1 (52, R;)]
s ]1(512nR1)

x > (45)

[s(l + A¢s%) + Upﬁ(l +2¢s9) +s2,v(1 + Agsﬁ)]
Substitute Eq.(43) and (45) into (40) and (41) ,we
obtain
w(r,s)
_ nilo(sm&)l[h (5127 U]y (51, R1) — Uy Jo (51, R7)]

= J§(51aR1) = J5 (51nR2)

X Ay (1, 9) (46)
where

A (51,,8)

_ 512,2l u(1+ A)sP) 7)
s [5(1 + As9) + Upﬁ(l +2¢s9) +s2,v(1+ Agsﬁ)]

And

a(r,s)

_ n_ih (520 RDY2(52a7) [R2221 (520 R1) = R101)1 (520 R2)]

e J3(s20R1) = JF (520R2)

X A1 ($20, (48)

where

A (S20,5)

_ SZZrZL u(1+ Agsﬁ) 49)
s [s(l + 29s%) + Jpﬁ(l +2¢s9) + s, v(1 + lgsﬁ)]

Now ,rewrite Eqs.(47) and (48) in series form as

Ay (51, 5)

=%—<s(1+l a)+ﬂ(1+/1a w))

d
Z b,c,d=0 Uﬁo) (Sln U)H'd(lg) 59
( 1)771 Z 1~ Al aym—b+1
b+c+d mb ¢ d (Al)

X

m+1 (50)
(gpﬂ)q“s‘l +s+ /1;")

Where § =—m—2+ax*b+ B *d.
And
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A(ln )
=% <s(1+a a)+ﬂ(1+aa a))

© b,c,d=0 ml (ﬂ) (Szznv)c+d(lg)d56

XZ(_Dm Z bed gy

m=0 b+c+d=m

X m (61)
(%/1{“5‘1 +5C+7) "

Now , applying inverse Laplace transform to
Egs.(50) and (51) , we obtain
Al(slnvt)

= 1—<s(1+/1 “)+%(1+A‘fsa)>

b,c,d=0 crl?o (51 v)c+d(/1ﬁ)
n

Z( 1)m Z b'C'd' (/1“)7" —b+1
b+c+d=m
58
x| — ,m) (52)
9P0 y—a o—1 a —a
(p AT%sTl+ 5% + A7 )
And
AI(SZn!t)

=1—<s(1+/1 “)+ﬁ(1+)&' “))

o d
Z b,c,d>0 ﬁo) (SZn U)Cer(/lg)
G R e
b+c+d= mb ¢ d (Al)
x L1 s (53)

m+1
("””/1‘ sl 4 5 4 A7 )
We will use the following property of Mittag-
leffler function [5]

nlst=v
-1 — tun+v-1 n) +cth
(g = B e Re(o)
> |c]'*) (€D)]
Then Egs.(52) and (53) , are become
A;(sip, )
asra+l ﬁO ara
=1—{(t+A5t**) + — (1 + A9t%)
d
S §7 o () )
X —_1\m
1 aym—b+1
m=0 b+c+d:mb.C!d! (Al)
1 88
am+(a—68)—1 (M) 4 a
Xt +( )= Ea(a 5)< E(l-}-T)t > (55)
and
A1 (Sop, 1)
=1- ((t +A0ge ) 4 2 ﬂo a+ A“t“))
b,c,d=0 1750 (S U)c+d(/15)
Z( oy b'c'd' o
b+c+d=m
x pam+(a—6)- lE(m) i 1
a,(a—58) A{f

+%> t“) (56)

Substitute Eqs.(55) and (56) into (46) and (48) ,we
get

w(r, t)
_ T[Z]o(slnROlpl (5127 [U2Jo (510 R1) — Uy Jo (51, R2)]
/3 (s1nR1) —13 (s1nR2)

n=1
% (1= Gy (51 ) 7)
Where
b,c,d>0 UB
. (s X )c+d /1!3
Gy (s1t) = Z( 1) Z b' c'd' 1(Aa)m §+1)
b+c+d=

1
+(a—6)-1 (m) -
% tam+(a— {tE (- 5)< )L% (1
o
+L>t“>
t
1 o8
+Aata+1E(m) 142t
a,(a—6) A(f t
)
+ 2B g ! 1+—D «
p a,(a—=68) Aa t
aBg
ﬁo ) 1 ra
lataEa(a -5 ﬂ 1+T t* (58)
And
u(r,t)

_ T[i]1(SZan)lpZ(San)[RZ-Qzll(SZan) — R1021J1(520R;)]
]12(52an) _]12(5271R2)

n=1
X (1= Gy (520, 1)) (59)
Where
G1(s2n, 1)
b,c,d>0 050
. (S - )C+d(ﬂ.ﬁ)
Z( OLEDY b'c'd' Z(A“)’" b

b+c+d=m

*tam+(a 5)—1

ap}
=
ap}
+ At ES) 5)< ;(1 +T> ")
1 ap}
2 (3

‘80 AataE(m) 1

a,(a—6) E
a88
+L te
t

Finally ,the inverse finite Hankel transform on
W(r) and U(r)
Ry

In(=
HW (@) = f U, + ( (R2)> * (Uy — Uy)
Ry In (Rl)

2[U2] (510 R1) — Uy Jo (51, R2)]
sf, Jo(s1nRy)

Where w() = |U, + (%) *(Uy — Ul)],
We get 1

1

(60)

P (sy,r)dr

_ N 0 (12 R )W (51,7)
e =W "glé(slnzel) A HOWS!

X [UzJo (s1,.R1)
— Uy Jo(51nR2)1G1 (510, ) (61)

WWW.ijera.com 61|Page



Sundos Bader et.al. . Int. Journal of Engineering Research and Application

www.ijera.com

ISSN : 2248-9622, Vol. 6, Issue 3, ( Part -5) March 2016, pp.58-82

R
RZ 2 _ RZ
Ry

* (0 — 01)] Yo (53,7 dr

_ 2[Ry0;]1 (520 R1) — R101J1 (521.R2)]
ﬂSzZn J1(s2,R1)

2 7‘2* 2
Where u(r) = [ra, + (er(;%_ :%2))) * (0, - )], we get

J1 (S0 RO, (52,7)
unt) = U nnZlhz (s2nR1) —]12 (s2nR2)

X [Raf2,)1 (520 R1)

— R1024J1 (52, R2)1G1(S2, t) (62)
3.2.Calculation of the tangential tensions and
normal tensions
Applying the Laplace transform to Egs.(7) and (8) ,
and using the initial conditions
w(r,0) =u(r,0) =0
dw(r,0) = d,u(r,0) =0
we find that
- u(1+25sP) (GW)

T (14 9s9) \or (63)
—e! +A§s”)< 6\7)
A\ ar (64

Differentiating the Eqgs. (35) and (36) with respect
to r, we obtain

3_v_v _ Uy (7”' Rl,x(s)) - U11/’1,0(T» Rz:x(s))
ar Swo,o(Rsz'x(S))

v _9u u
"orTor 1

(65)

R2021,1(r,R1,x(5))—R1219 11 (r,R2,x(s))
rsip1,1(R1,R2,x(s))

{{Rzﬂz [—1/’0,1 (T: Ry, x(s)) + %1/11,1 (T: Ry, x(s))] -
R121-yY0,1rR2xs+ 17yl 17 R2xs| rsyl 1R, R2xs
(66)

+

Substitute Egs.(65) and (66) into Eqs(63) and (64)
respectively ,we get
_ (1 +2557)
7T s(1+ 29s%)
Uzll’l,o(rr R1,x(s)) — Uiy (r, Rz,x(s)))
¢0,0(R1'R2,X(S))

(67)

“w— i

0
ﬂ(l + Alzgsﬁ) <R292¢’1,1(r' Rl'x(s)) — Ry (r, Rz,x(s))

= s(1+ Afs%) 4 (Rl,Rz,x(s))

1
+ {{Rzﬂz [_lﬂo,l(r' Rl,x(s)) + ;1»01,1 (7”' Rl,x(s))]
1
— R [_lﬂo,l(r' Rz,x(s)) + ;1»01,1 (r,Rz,x(s))]}
/{rlpl,l (Rh RZvX(S))}}) (68)

:” <U21/’1,0(r’ Rpx(S)) - U11/’1,0(T: RZVX(S)))
x] (S)ll’o,o(RpRz,x(S))

(69)

“|

ro
=p (Rzﬂzll)l,l (r,Rl,x(s)) = Ry, (7’: Rz,x(s))
rx12 ()14 (le Rz,x(s))

1
+ {{Rzﬂz [_1/)0,1 (r, Rl,x(s)) + ;wl,l (T' Rl:x(s))]

1
— Ry [_1/)0,1 (r, RZIX(S)) + ;wl,l (7" Rz,x(s))]}
Nrxt (S)lPl,l(Rl.Rz.X(S))}}) (70)

s(142fs%)
v(1+lgsﬁ) '
Differentiating the Eqgs. (42) and (55) with respect

to r, we obtain
ow

Where x?(s) =

]g (s1aR1) —]é (s1nR2)

o st u(1+ 255F)

s [s(l + As9) + Upﬁ(l +2¢s9) +s2, v(1+ Agsﬁ)]
Where 13 (s2,7) = Yo (20 R2)J1(S2n7) — Jo (S2n R2) Y1 (52,7)
ov_ou_u
‘or  or r

o J1(s2nRe) (SanPz(SZnT) - %lﬂz(szﬂ))

B T[; JE(s2nR1) = JE (s20R2)
— Ri21)1(s20.R2)]

‘ar
_ Z/o(s1nR1)51nl/J3 (512 [U2Jo (51, R1) — Uy Jo(51,R7)]
n=1

71)

[R2022]1(s2nR1)

y szznv(1+/1§sﬁ)

i 72)
s [s(l + A%s%) +UT%(1 +As®) +s2, v (1 +Agsﬂ)]

Substitute Eqs(71) and (72) into Egs.(63) and (64),

respectively then we obtain
§TZ

— “(1 +A§sﬁ) - N Jo(s51nR1)S12P3(5107)
(1 +21s9) n:llg(SmRO —J§(s1nR2)
[UzJo(s1nR1) = Uy Jo(s1nR)]sty v (1 + Agsﬂ) )

2
s [s(l +295%) + U%(l +A959) +s2 v (1 +/1§s/3)]

(73)

%]

0

Cu(1+ Agsﬂ)< 2 Ji(s2nR1) (52n¢3(52nr) —élpz(sznr))

- 1+ 2{s%) EZ UZ(s20R1) = JE (520 R2))

n=

% [Ro2:)1 (520 R1) — RilJ1 (520 R2)15%, U(l + AIZ;SB) 74)
s [5(1 +2%59) + Upﬁ(l +2¢s9) +s2,v(1 + /lgsﬁ)]
Applying the Laplace transform to Eqs(73) and

(74),we get
STZ

= pni]()(Slan)lp3 (Slnr) [UZIO(Slan) — Ul]O(SlnRZ)]
n=1 Sln(lg(slan) _13(51;1122))

2
o st v3(1 +A§sﬁ) })

s [s(l + 2§s%) + %’33(1 +2$s9) +sZ,v(1 + Agsﬁ')]

L {(1 +i‘1"s“)} 7%
Sro

| x . J1(520RD (1203 (5207) — 2 (5207))
52, U7 (s2nR1) — JE(520R2))

[R202,]1(s20 R1)

- -1 ;}
Rii]1(s20Rp)] X L {(1 FA5s9)

sov? (1+ ’lgsﬂ)z }) (76)

x [ >
{s [5(1 + A¥s9) + Upﬁ(l + A959) + 52, v (1 + ll;sﬁ)]
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Then Eqgs(75) and (76) are become

- i]O(SIan)Ip3(Slnr)[UZIO(Slan) = U1 Jo(s1nR2)]
S1in (]g (s12R1) —]5 (51nR2))

X Gy (S1p) t)) 77
where
© b,c,d>0 (aﬁo) stetd (1B1E
. (s, v) A
GZ(Sln t) = Z( 1) Z blcld! - (Aa)m—bglz)
m=0 b+c+d=m

1
2a-8)-2 | p(m)
x tam+Qa—0)— [Ea(a 6)( E(l
a8
+ L e
t

ap}

1 -
B g (m) a
+205,t0E, 5)< %<1+ t)t)

1
+ 2P PET) =
a,(a—6) A‘ll

aBs
+% t% || Equ(=25t%)

1

SrS
< SonR)(7s: SonT) — SonT
=pn Zh( 2n21)(2 W3 (52, )2 P, (s, )) [Ry 2], (53 Ry)
TSyn (]1 (s2nR1) A (SZnRZ))
= Ry4]1(s2,R2))
X Gy (Syp,t) (78)
where
© b,c,d>0 ap
. ( O) (32 U)2+C+d(lﬂ)
Gz(SZn: t) = Z(_l) Z plcld (A“)m “h+1
m=0 b+c+d=m
1
am+Qa—8)-2 | p(m) _
B 1
aBb
+L> t“>
t
E ﬁ
2P ET) 142 )a
e (1,
a,(a—6) Az{z
apd
+% t% || Epu(=25t%)
Let

F —A“[ 6VS +6WS Aﬁaw v
11(rt) = A (7”5) rz t 50 Sre 2un, 6t( 5)

o (. 0V g (. OV 2
Fp,(rt) = 24f (Ta_)srg —2u X (ra>

ow g aw
Fia(rt) = 244508, = 2u 2 (E)
We get
(1 + A{DF)Sy, = Fi1(1,1) (79a)

(1 +2£Df)Spg = F1,(r, 1) (79b)

(1 +2¢Df)S,, = Fi3(r,0) (79¢)
Applying Laplace transform to(79a), (79b) and
(79c) ,we get

< _ F,00

S = Tt aen (80a)
Fio(r,t)

Sgg 7(1 T (80b)

< _ Flg(r t)

Se = @ 1e (80¢)

The inverse of Laplace transform to(80a), (80b)
and (80c) ,can be expressed by

1
Son = Aaf(t—r)“ LBy (At

—1))F (7, t) dt (81a)
t
1 a-1 a
S =5 [ (€ =D B (=25
1
0

—DYF,,(r,t) dt (81b)

t
1
SZZ = A_af(t - T)a_l Ea,a (_/1% (t
1
0

—1)9)F 5(rt) dr  (81c)
The definition of the weiessenberg number W;is as

follows

Szz - SBS
Wi=—70— (82)
The shear stresses (the frictional force ) i.e.the
drag exerted per unit length of the inner or outer
cylinders or of the cylinder of radius r =R, , in
the second case ,an be calculated from
Egs.(73)and(74) , we get

1——1= srz |r:R2

_ p(1+ Agsﬂ) N ]0(S1nR1)51n¢3(51nRz))

T (1+2¢s9) = Je(s1nR1) — J3(s1nR2)

X [Uy Jo(S1n.R1) — U Jo(s1,R2)] X
s%,v (1 + lgsﬂ)

(83)
s [s(l +295%) + Upﬁ(l +A959) + 52, v (1 + Agsf’)]

T2 =Srolr=r,
u (1 + Ag sﬁ)
(1+ A{s®)
& J1(s2aRe) (Sanle (s2n7) = %lﬂz (SZnT))
x T[Z U3 (s2nR1) = J7 (520 R2))

n=1

— Ri21/1(s20R2)]
3. (1+45sP)

X 84

s [s(l+l‘fs"‘)+aﬁ° (1+2 ")+szznv(1 +lgs/3)] @

Now ,we applying the inverse Laplace transform

toEqgs.(83)and(84) ,we obtain

= Srzlr:Rz

N Jo(51n R Y3 (51, R Jo (512 R1) — Uy Jo (51, R,)]

s1n UG (512 R1) — JE(510R2))

[R202]1(s2nR1)

X GZ(Slnrt)) (85)
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T3 = Srglr=p,

_ pn( < J1 (520 R (r$2013(520R2) = ¥ (52,R2))
1

753, U3 (s2nR1) —JE (s20R2)) (Raflo]1 (s2n 1)

= R1MJ1(52nR2)] X Gy (520, t)) (86)

IVV.Helical flow through circular cylinder I
Taking the limit of Eqs(38) and (39), when
R; —» 0and R, - R, we find the Hankel transform
R

w= f 7]y (S5, 1) W(r,s)dr 87)

0
Where s5,, is positive root of J,(s3,R) =0, and
R

u= f 1]1(S4, 1) U(r, s)dr (88)

0
Where s,,, is positive root of J;(s,,R) =0, and
the inverse Hankel transform are

— _ 2 . V=V(53n's)]0(53nr)

A P o
and

_ _ 2 < 17(54",5)]1(54,[7”)

DL eum) ©0)
Corresponding to the helical flow through an
infinite circular cylinder . the boundary conditions

must be changed by

[w(0,t)| < oo w(R,t) = [u(0,t)| < o ,u(R,t) =
RO (CEY)

Now apply Laplace transform to the boundary
conditions, with respect to t ,we get
w(0,5)| < o W(R,s) =2, [u(0,5)] <, u(R,s)=
= (92)
Now applying finite Hankel transform to Egs.(31)
and (33) ,we get

[s(l + A¢s9) + ﬂ(1 +2¢s9) +s2,v(1 + Agsﬁ)] w

U
= U(l + Az SB)R S3n ;]1 (s3, R) 93)
then
-
_ v(1+ Agsﬁ)R S3n UJ1(s3, R) 94)
s [s(l +2%5%) + ”pﬁ(l +28s9) + 52, v(1 + Agsﬁ)]

and

[s(l + A%s59) +ﬂ(1 +2¢s9) + 3, v(1+ Aﬁsﬁ)]ﬁ
2
= —%szmv(l
+ 2558 )] (54n R) (95)
Then
=

R20s4,0(1 + A5 58))5 (54 R)
a 98§ a
s [s(l +A{s) + A+ 25 + s, v(1+ Agsﬁ)]

Substitute Eqgs.(94) and(96) into Eqs(89) and (90)respectively
and using the identity

];l(sln T') =]n—1(slnr) = _]n+1(slnr)

,we find that

L WNE Jo(san)

w(r,s) = Fnzlm% (s30,5) 97
where

96)

A (530, 9)
_ sZ,u(1+2sP) 98)
- 2

s [s(l +2{s®) + apﬁ A +29s9) +s2,v(1+ Agsﬁ)]

and

]1 (5471 T')
1””‘m2ammmfﬁwg 99)
V\_/here
A1 (S4n, S)

_ Sk, v(l + Aﬁsﬁ) (100)
[5(1 +A0s7) + 20 "ﬁ" (1+255%) + s, v(1 + ABSB)]
Now ,rewrite Egs. (98)and (100) in series form as
A1 (s34,5)
api

=%— (s(l + 2{s%) +—(1 + s “))

© b,c,d>0

Ser S

m=0 b+c+d=m

o 2\b d
m () (b (45)'s?
blc!d! (Agym=b+1

1
2 m+1
("pﬁ/‘q“s*1 +59+27)
Where § =—-m —2+a+b+ f+d, and
A;(S4,5)
af§

1
= ; - (S(l + A?Sa) + T(l + A%Sa)>

(101)

b,c,d=0

DY) L

b+c+d m

(Z2)" (s, )+ (28)"s?
(A‘l)m —b+1

x — (102)
("pﬁ/l;“s-1+s“+/1;“) h

Now , applying inverse Laplace transform to

Egs.(101)and(102) , we obtain

AI(SSnrt)

2
=1- (s(l + A{s*) + %(1 + A‘fs”‘))

24 b d
0 b,c,d=0 ml (“pﬁ) (53;" U)C-Hi(ﬂ_/;)
XZ(—l)m Z RPT] a\ym—b+1
m=0 b+ctd=m bretd! 5
-1 36
xL U'Bgﬂ._a -1 a ) mt (103)
(T Tesh 4 57+ A7)
Ay (s, )
j— aca 30 a-a
=1- s(1+Als)+—(1+A )
b,c,d>0 UBD (S U)Hd(lﬁ)
m
Z( 1) Z b'C'd' (Aa)m —b+1
b+c+d=m
S
x L7t (104)

2 m+1
("%A{“s*l + 5%+ A7)
Now ,we will use the property(54) of Mittag-
leffler function [5] ,Then Eqgs.(103)and (104) ,are
become
Ay (530, 0)

=1- ((t + AL + 2 ﬁc’ ¢! +/1“t”’)>
d
Z b,c,d>0 Uﬁo) (s%nv)”d(lg)
( 1)m Z 1~ Al aym—b+1
b+c+d= mb ctat (Al)
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x pam+@—6)- 1E;n(10)l 5 <_;a 1

apd
+%> t"‘> (105)

and
Al(s4nvt)
—1—<(t+l"‘t‘”1)+ ofs (1+29t a))
b,c,d=>0 ”ﬁo ct+d (9B
(s v)<H (A )
Z( oy b'c'd' s

b+c+d=m
1750

1
x gem @ -1gn w1 = |t ] 106)

Substitute Eqgs.(105) and (106) into (97) and (99)
,we get
20 Jolssar)

w(r,t)=— ) —————— (1= G1(s3,t 107
0 =F Q5 oo (17 oot 107
where
Gy (s3,,1)
) b,c,d>0 0/?
. 2 (s3nv)c+d()lﬁ)
Z =D Z b'c'd' (Ag)ym-b+1
m=0 b+c+d=m

aBg
x gam+(@=8)= 1ItE(§’"3( 5)< ;<1+%>t“>
aB§
+ AtE) 6)< ;(1 +T> "‘)
of; [
e (30 E))

BO Aa aE(m) l
a,(a—6) 2?

apd
+ %) t“)] (108)

and

J1(84,7)
un,t) = ZQZ Sando(San R)

1

Gl (S4n' t) ) (109)

where

G1(S4n, t)
b,c,d>0 aﬁ
Z( 1y Z (S4n )c+d(lﬁ)
b+ctd= b|C'd[ @yt

*tam+(a 6)—1

ap}
m) 1 e
tEa(a -8 /-{a 1+T
1 a68
+1 (m) p
a4 )
52 1 apt
opy . (m)
+=5 Fates) (‘ﬁ(l + T) t“)

ﬁO (m)
) —XtE, (0 s X 1

aps
+ %) t“)] (110)

Finally ,the inverse finite Hankel transform on
W(r)and U(r), we get
R

UR
HW()) = f o) Udr = s (53,R)

0
where w(r) = U , we get
W Jo(szar)

w(r,t)=U——

—————G(s3,, t 111
R n:153n11(53n R) 1(S5n. ) ( )

and
; 20 =20
H(U(r)) = f 7)1 (s4n7) 20dr = S_]z(S4nR) = S—]O(S4nR)
4n 4n

0
Where U(r) = —2!2 , We get
J1(S4y7)
u(r,t) = -20+ ZQZ SoJoGan B)
4.1.Calculation of the tangential tensions and
normal tensions
Differentiating the Egs. (97) and (99) with
respect to r, and substitute into Eqgs. (63) and (64)
respectively, we obtain
STZ
_HA 2 [ 20 S
ICEVIED) R :153211]1(53;1 R)

st u(1+ lgsﬁ)
x L (113)
s [s(l + 29s%) + a% A +2{s9) +s2,v(1+ lgsﬁ)]
§r9
_u(1+2sh) (2 ) Z (U1 (53)/7) = Sano(517)]

G1(S4m, £) (112)

(1 +Aﬂsa) rsgn]O(S‘ln R)

—r 5%, v(l + Agsﬁ)
5 (114)
s [s(l + A§s%) +a%(1 +25s9) +sf, v(1 + lgsﬁ)]

X

Applying the Laplace transform to Eqs(113) and
(114),we get
5.

_ _L N J1(s3a1)
B < R Zl 53, J1(s30 R)

I st (1+ AsP) (115)
s [5(1 +A9s%) + 20 UE" 1+ 2¢s9) +s2,v(1+ A’Zisﬂ)] X (1 + A{s%)

WWW.ijera.com 65|Page



Sundos Bader et.al.

. Int. Journal of Engineering Research and Application ~ www.ijera.com

ISSN : 2248-9622, Vol. 6, Issue 3, ( Part -5) March 2016, pp.58-82

SrS

(S4a7) /1) = SanJo (S4n7)]

_ <2pgi[(h

—rsfvi(1+ Agsﬁ)z

x L1 .
s [s(l + A4s9) + %(1 +2¢5%) + s, v(1+ Agsﬁ)]
X L*1 ;
(1 + 2959)
Then Eqgs(115) and (116) are become

]1 (SSnr)
= S3Zn ]1(5371 R)

2pU

Srz:_ R

where

Gy (S3n, t)—Z( nm Z B! ldl(

and
Srﬂ

<)

b,c,d>0

b+c+d=m

tam+(2a 6)— Z[E(m)

a,(a— 6)(
1
O

1

2
98§

4P

+205tPE™)

+ 2P PET) =
a,(a—6) A‘ll

2)e)

X Gz(s3n,t)> 117)

(116)

d
53 )2+c+d (Ag)

1750
c

a,(a—6)

1

aps
+ %) t“)] E, o (—2§t%)

/1(54;17‘)

= Sando (S4nr)]

= ZpQZ

X GZ (5471! t))

where

Let

Fa(rt) =

7"5471 ]0 (5411 R)

b,c,d>0

Gy (54, ) = i(_l)erl Z
m=0

(Aa)mberl

1
A

2
98§

t

S

1

(118)

()" (g y2era (a8

blcld!

b+c+d=m

% am+Qa—6)-2 lE(m)

a,(a— 6)(

B8
+L ta>
t

+ 248 PEM

+ 2 P ED)

(/'la)m —b+1

11
%

1
a,(a—5) E 1+

1
a,(a—6) E 1

aBh
+ %) te >] E, o (—24t%)

x|( aV)s +
1 Tar Tz

ow

at

S] 2ul

ﬁaw

279t

(r

9By
p

ov

0

28

;)

2
Fy,(r,t) = 2A¢ (r —av>5 —2u 2 (r —av)
220 t\"gr/ om0 2 Zar

Foart) =228 s —zuaﬁ(a—w)
2,3\ 101,, rZ 2 or

We get

(1 + A4D{)Sy, = Fa i (1,1) (119a)
(1 4+ 2$Df)Spg = Fyp(r,0) (119b)
(1 + DS, = Fy3(r,t) (119¢)

Applying Laplace transform to(119a),(119b)
and(119c) ,we get

< _ Fi(no
S =11 + 2§ s9) (1200)
Foo(r,t)
Soo = T+ 250 (120b)
< Fpnt)
S, = @+ itsD) (120¢)
The inverse of Laplace transform

to(120a), (120b) and (120c) ,can be expressed by
1
So0 = 22 [ €= D B (A1
1
0

—1)9)F, (1, t) dr (121a)

t
1
S =5 [ € =D Beu (-5
1
0
—1))F,,(r, t)dr (121b)

zz= f(t )a 1Eaa( Al(t

—T))F,3(r t) dt (121¢)
The definition of the weiessenberg number W;is as
follows

S,,—S

VVi — zzS 06 (122)
The shear stresses (the frictional force ) i.e.,the
drag exerted per unit length of the inner or outer
cylinders or of the cylinder of radius r =R, , in
the second case ,can be calculated from
Egs.(117)and(118) , we get
@(“’ Ji(530R2)

3=8,|r=r, = — -
77 Srebren =7 52, J1 (530 B)

X Gz(s3n,t)> (123)

- [(hm%&))_&n]o(&m}?z)]
B = Sulen, = 200 ) S
n n

n=1

X Gz(S4n’t)> (124)

V. Limiting case
1- Making the limit of Eqs(61) and (63) when
2
a+0,8+0and (i@):M
the similar solution velocity distribution for
unsteady helical flows of a generalized Oldroyd —B

fluid , as obtained in [6] , thus velocity fields
reduces to

=0 ,we can attain
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w(r,t)

=W(r)

_ n_Z]o (s1aRDWY1 (51,7 [U2)o (1, R1) — Uy Jo (51, R2)]
]é (s1n.R1) _/(% (s1nR2)

X Gy (=sln,t) (125)
where
© c,d=0 d
O SR ()
G D = ) (D" ) S
m=0 c+d=m

>kta{m+(a{ §)— l[fE(m) 6)( Alata)
a(

+lata+1E( N 6)( Alata)]

Or
( 1)m Sin "
G (s, t) = . (m—l) ( ) X
m i -
Z(T) (,15) £(A+aym— EkEoE(aiBnH ,Bk)( A7)
k=0
And
u(r, t)
= U(r)
J1(520 ROV (520 [Ry22)1 (520 R1) — R1f21)1 (520 R2)]
=1 ]1 (s2nRy) — ]1 (S2nR7)
X Gy (s2n, 1) (126)
Where
[e9) c,d=>0 B d
— m (SZZn U)C+d (AZ)
G0 = ZO(_D MZ_ cldl GHmH
x pam+(a—8)-1 [ E(m) 5)(_11_0%“)
+/1ata+1E( N 5)( Aot )]
Or

D" (2 v\"
61 C5u8) = (fn_)l)!(sz) >
m=| k=0

g(ram=pk En(z"(laisn+1—[:k)(_)‘fata)

2- Making the limit of Eqs(77) and (78) when
2
a#*0,8+0and (“?) =M =0 ,we can attain

the similar solution shear stress for unsteady
helical flows of a generalized Oldroyd —B fluid , as
obtained in [6] , thus shear stress reduces to

_ N Jo(51, R Y3 (51,7)
Sz = PR Z $1nUS (512 R = J§ (512 R2))

= U1 Jo(s1nR2)]

[U2)o(s1R1)

X Gy (S1p, t) (127)

where

kil ed20 . 5 N2vcrd (48)\%
GZ(Slnlt) = Z(_l)m Z (Sln v) - (/12)

cldl @gmH
m=0 c+d=m ( 1)

*taer(Za 6)—2

[y (AT )
+2/1”"t/fE;"(1; 5y (—AT4E)
+ BPPET (A7) By o (—25E%)

Or
=™ (st, i m+2
Gy (s, t) = m( a) Z( )( )
k=0

+1
xt(l+a)(m+2) —Bk— 1Eg(lﬂ(la+3n+2 ﬁk)( A7)

753, U7 (520R1) = JF (522R2))
X [Ry0,]1 (20 R1)

= p (ill(SZan)(rSanp3(San) -, (SZnT))

= R104]1 (520 R2)] GZ(SZn't)> (128)

VI.Numerical result and conclusion

In this paper we established the effect of MHD
flow of the unsteadyhelical flows of an Oldroyd-B
fluid in concentric cylinders and circular cylinder.
The exact solutionof the unsteadyhelical flows of
an Oldroyd-B fluid in an annular for the velocity
field u, w and the associated shear stresses t; , T,
are obtained by using Hankel transform and
Laplace transform for fractional calculus
Moreover , some figures are plotted to show the
behavior of various parameters involved in the
expression of velocities w ,u ( Eqs(61 and 62)) ,
shear stresses 7; , 7,(EQqs(85 and 86)) ,respectively

All theresult in this section are plotting graph by
using MATHEMATICA package .

Fig(1) is depicted to show the change of the
velocity  w(r,t) with the non-integer fractional
parameter « . the velocity is decreasing with
increase of a. Fig(2) is prepared to show the effect
of the variations of fractional parameter S .the
velocity  field w is  increasing  with
increasefractional parameter £ .Fig(3) represents
the variation of velocity w for different values of
relaxation A; . The velocity is decreasing with
increase A,.Fig(4 and 5) are prepared to show the
effect of the variation of retardation 1, and
kinematic viscosity v on the velocity field .The
velocity field w is increasing with increase the
parameters 1, and v .Fig (6) is established value of
magnetic parameter M .the wvelocity field is
decreases with increasing of M .Fig(7) illustrate the
influence of time t on the velocity field w. the
velocity is increasing with increase the time t.

Fig(8) is provided the graphically illustrations for
effects ofthe non-integer fractional parameter a on
the velocity u(r,t) with the non-integer fractional
parameter « . the velocity is decreasing with
increase of a.Fig(9) is prepared to show the effect
of the variations of fractional parameter S .the
velocity  field w is  increasing  with
increasefractional parameter g .Fig(10) represents
the variation of velocity w for different values of
relaxation A; . The velocity is decreasing with
increase A;.Fig(11 and 12) are prepared to show the
effect of the variation of retardation 1, and
kinematic viscosity v on the velocity field .The
velocity field w is increasing with increase the
parameters A, and v .Fig (13) is established value
of magnetic parameter M .the velocity field is
decreases with increasing of M .Fig(14) illustrate
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the influence of time t on the velocity field w. the -
velocity is increasing with increase the time t. I

Figs(15-20) provide the graphically illustrations
for the effects of (fractional parameters(a ,B) , ;
relaxation 4, , retardation 4, , kinematic viscosity v S sl
, magnetic parameter M and time t) on the shear '
stress 7; . The shear stress decreasing with increase
the different parameters.

Figs(21-26) are established to show the behavior
of the parameters (fractional parameters(a , ) , il - .
relaxation A , retardation A, , kinematic viscosity v
, magnetic parameter M and time t) on the shear 4

stress 7, . The shear stress decreasing with increase Fig3:- the velocity w for different value A1 {1.2=8 , v=0.165,
the different parameters M=0.1,a=0.4 , Ki=3.31114 , t=2,R1=1, R2=2, ul=2, u2=2}

L
. A /
The velocity w \ /
L TN !
N / "
\‘\ "/' \\‘ | L | ! 4 .
oy, 7 N 14 16 o 20
N ./ ‘\ i/
L \“ \‘\ L Lo/ T \ Vi
\1.2\ 14 16 ) /) 20 1 ‘\\\ //’ A2-8
\ \‘~ ’," / ‘\‘\ /,/
) RS . ;7 | e a=0.2 ) ‘\‘\ - _ /',’ A2=16
\ AN I
/ - Sel- -
\ , a=0.4 N (e A2=24
\
4 A =0.
N - a=0.6
Fig4:- the velocity w for different value A2 { A1=15, v=0.165,

6 M=0.1, B=0.6 , =04 , K;=3.31114 , t=2,R1=1, R2=2, ul=2,

Figl:- the velocity w for different value of fractional u2=2}
parameter o {A1=15 , A2=8 , v=0.165 , M=0,B=0.6 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=2, u2=2}
L
ot
L \ !
i i N\ /
\\ /," 1+ \\\ /I,’
4 W\ / )
T 7 \ 7
\ I/ L\ | | 5 L g
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Fig2:- the velocity w for different value of fractional
parameter g {A1=15 , A2=8 , v=0.165 , M=0.1,0=0.4 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=2, u2=2}
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Fig9:- the velocity u for different value B {A1=15, A2=8 ,
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Fig7:- the velocity w for different value t { A1=15 , _
A2=8,M=0.1, v=0.165,0=0.4 , K;=3.31114 , R1=1, R2=2,
ul=2, u2=2}
Fig10:- the velocity u for different value A1 { A2=8 , v=0.165 ,
M=0.1, a=0.4, p=0.6 , K=3.31114 , t=2,R1=1, R2=2, ul=2,
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Fig8:- the velocity u for different value of fractional
parameter a {Al=15 , A2=8 , v=0.165 , M=0.1,3=0.6 ,
K=3.31114 , t=2,R1=1, R2=2, ul=2, u2=2}

Figl1:- the velocity u for different value A2 {A1=15, v=0.165 ,
M=0.1, B=0.6 ,a=0.4, K=3.31114 , t=2,R1=1, R2=2, ul=2,
u2=2}
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Fig12:- the velocity u for different value v {A1=15 , A2=8 ,
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Fig13:- the velocity u for different value M {A1=15, A2=8 ,
v=0.165 , M=0.1, f=0.6 , a=0.4, K;=3.31114 , t=2,R1=1,

R2=2, ul=2, u2=2}
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Figl4:- the velocity u for different value t {A1=15 , A2=8 ,
v=0.165, M=0.1, B=0.6 ,a=0.4, K;=3.31114 , t=2,R1=1, R2=2,

ul=2, u2=2}
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Fig .15. the shear stress for different value of fractional
parameter a {Al=15 , A2=8 , v=0.165 , M=0.1, 3=0.6 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .16. the shear stress for different value of fractional
parameter B {A1=15 , A2=8 , v=0.165 , M=0.1, a=0.6 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .17. the shear stress for different value of A1{A2=8 ,
v=0.165 , M=0.1,p=0.6 , a=0.6 , K;=3.31114 , t=2,R1=1,
R2=2, ul=1, u2=1,r=2, p=0.1}

WWW.ijera.com 70|Page



Sundos Bader et.al. . Int. Journal of Engineering Research and Application
ISSN : 2248-9622, Vol. 6, Issue 3, ( Part -5) March 2016, pp.58-82

www.ijera.com

oF
—a’,
Lo
2\ .... - /
---- I hee=tt L W t
8 10 12 /14
n /
/
o\ o /
\ /’
10 \
'
N 7
~ -—
12r

Fig .18. the shear stress for different value of A2{A1=15 ,
v=0.165 , M=0.1,8=0.6 , a=0.6 , K;=3.31114 , t=2,R1=1,

R2=2, ul=1, u2=1,r=2, p=0.1}
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Figl9:- the the shear stress for different value v {A1=15 ,
A2=8 , M=0.1 , B=0.6, a=0.4, K;=3.31114 , t=1,R1=1, R2=2,

ul=2, u2=2,r=2,p=0.1}
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Fig .20. the shear stress for different value of M {A1=15

,A2=8, v=0.165 , M=0.1,B=0.6 , a=0.6
t=2,R1=1, R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .21 the shear stress for different value of fractional
parameter o {A1=15 , A2=8 , v=0.165 , M=0.1,B3=06 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .22. the shear stress for different value of fractional
parameterf {Al1=15 , A2=8 , v=0.165 , M=0.1, a=0.6 ,
K;=3.31114 , t=2,R1=1, R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .23. the shear stress for different value of A1 {12=8 ,
v=0.165 , M=0.1 , B =0.6, 2 =0.6 , K=3.31114 , t=2,R1=1,

R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig .24. the shear stress for different value of A2 { A1=15,
v=0.165 , M=0.1 ,p =0.6,2 =0.6 , K;=3.31114 , t=2,R1=1,
R2=2, ul=1, u2=1,r=2, p=0.1}
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Fig25:- the the shear stress for different value v {A1=15 ,
A2=8 , M=0.1 , B=0.6, a=0.4, K;=3.31114 , t=1,R1=1, R2=2,
ul=2, u2=2,r=2,p=0.1}
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Fig .26. the shear stress for different value of M {A1=15 ,
A2=8, v=0.165, § =0.6, a0 =0.6 , K;=3.31114 , t=2,R1=1, R2=2,
ul=1, u2=1,r=2, p=0.1}
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